Seemingly unrelated regression is a natural framework for regressing multiple correlated responses on multiple predictors. The model is very flexible, with multiple linear regression and covariance selection models being special cases. However, its practical deployment in genomic data analysis under a Bayesian framework is limited due to both statistical and computational challenges. The statistical challenge is that one needs to infer both the mean vector and the covariance matrix, a problem inherently more complex than separately estimating each. The computational challenge is due to the dimensionality of the parameter space that routinely exceeds the sample size. We propose the use of horseshoe priors on both the mean vector and the inverse covariance matrix. This prior has demonstrated excellent performance when estimating a mean vector or covariance matrix separately. The current work shows these advantages are also present when addressing both simultaneously. A full Bayesian treatment is proposed, with a sampling algorithm that is linear in the number of predictors. MATLAB code implementing the algorithm is freely available from github at https://github.com/liyf1988/HS_GHS. Extensive performance comparisons are provided with both frequentist and Bayesian alternatives, and both estimation and prediction performances are verified on a genomic data set.
Introduction
Multivariate regression is ubiquitous in quantitative disciplines as diverse as finance and chemometrics. In recent years, multivariate regression has also been used in genomics, most notably in expression quantitative trait loci (eQTL) analysis, where the high dimensionality of the data necessitates the use of regularization methods and poses both theoretical and computational challenges. An eQTL analysis typically involves simultaneously regressing the expression levels of multiple genes on multiple markers or regions of genetic variation.
Early studies have shown that each gene expression level is expected to be affected by only a few genomic regions (Schadt et al., 2003; Brem and Kruglyak, 2005) so that the regression coefficients in this application are expected to be sparse. In addition, the expression levels of multiple genes have been shown to possess a sparse network structure (Leclerc, 2008) .
Therefore, an eQTL analysis, if formulated as a multivariate regression problem, requires sparse estimates of both the regression coefficients and the elements of the error inverse covariance matrix.
In multivariate regression problems with correlated error matrices, joint estimation of regression coefficients is known to improve efficiency. Zellner (1962) proposed the seemingly unrelated regression (SUR) framework where the error correlation structure in multiple responses is leveraged to achieve a more efficient estimator of the regression coefficients compared to separate least squares estimators. Holmes et al. (2002) adopted the SUR framework in Bayesian regressions. However, these early methods in the SUR framework considered a relatively modest dimension of the responses, and did not encourage sparse estimates of the regression coefficients or of the error inverse covariance matrix. Therefore, these methods can not be applied directly to analyze modern genomic data. More recently, both Bayesian and frequentist approaches have also been developed for sparse, high-dimensional SUR settings. Precise descriptions of these competing approaches and understanding their strengths and limitations require some mathematical formalism. This is reserved for Section 2.
In this article, we propose a fully Bayesian solution for high-dimensional SUR problems with an algorithm for efficient exploration of the posterior. We impose the horseshoe prior (Carvalho et al., 2010) on the regression coefficients, and the graphical horseshoe prior on the precision matrix. In univariate normal regressions, the horseshoe prior has been shown to possess many attractive theoretical properties, including improved Kullback-Leibler risk bounds (Carvalho et al., 2010) , asymptotic optimality in testing under 0-1 loss (Datta and Ghosh, 2013) , minimaxity in estimation under the 2 loss (van der Pas et al., 2014) , and improved risk properties in linear regression . The graphical horseshoe prior inherit the properties of improved Kullback-Leibler risk bounds, and nearly unbiased estimators, when applied to precision matrix estimation .
The beneficial theoretical and computational properties of horseshoe (HS) and graphical horseshoe (GHS) are combined in our proposed method, resulting in a prior that we term HS-GHS. The proposed method is fully Bayesian, so that the posterior distribution can be used for uncertainty quantification, which in the case of horseshoe is known to give good frequentist coverage (van der Pas et al., 2017) . For estimation, we derive a full Gibbs sampler, inheriting the benefits of automatic tuning and no rejection that come with it.
The complexity of the proposed algorithm is linear in the number of covariates and cubic in the number of responses. To our knowledge, this is the first fully Bayesian algorithm with a linear scaling in the number of covariates that allows arbitrary sparsity patterns in both the regression coefficients and the error precision matrix.
The rest of this article is organized as follows. Section 2 formulates the problem and describes previous works in high-dimensional settings, with brief descriptions of their re-spective strengths and limitations. Section 3 describes our proposed HS-GHS model and estimation algorithm. Section 4 discusses theoretical properties in terms of Kullback-Leibler divergence between the true sampling density and the marginal density under the HS-GHS prior. In Section 5, we evaluate the performance of our model in four simulation settings and compare them with results by competing approaches. Section 6 describes an application in an eQTL analysis problem. We conclude by identifying some possible directions for future investigations.
Problem Formulation and Related Works in High-Dimensional Joint Mean-Covariance Modeling
Consider regressing responses Y n×q on predictors X n×p , where n is the sample size, p is the number of features, and q is the number of possibly correlated outcomes. A reasonable para-
denotes a matrix normal random variate (Dawid, 1981) with the property that vec(E ) ∼ N nq (0, I n ⊗ Ω −1 q×q ), a multivariate normal, where vec(A) converts a matrix A into a column vector by stacking the columns of A, the identity matrix of size n is denoted by I n , and ⊗ denotes the Kronecker product. Thus, this formulation indicates the n outcome vectors of length q are assumed uncorrelated, but within each outcome vector, the q responses share a correlation structure, which is reasonable for an eQTL analysis. The problem is then to estimate B p×q and Ω q×q , where both p and q can be much larger than n. We drop the subscripts denoting the dimensions henceforth when there is no ambiguity.
Here Ω is also referred to as the precision matrix of the matrix variate normal, and off-diagonal zeros in it encodes a sparse conditional independence structure across the q responses, after accounting for the covariates. Of course, a consequence of the model is that one has conditionally independent (but not i.i.d.) observations of the form Y i ∼ N(X i B, Ω −1 ), for i = 1, . . . , n.
The negative log likelihood function under this model, up to a constant, is
The maximum likelihood estimator for B is simplyB OLS = (X X) −1 X Y , which does not exist when p > n. In addition, increasing |Ω| easily results in an unbounded likelihood function. Therefore, many methods seek to regularize both B and Ω for well-behaved estimates.
One of the earliest works in high dimensions is the multivariate regression with covariance estimation or the MRCE method (Rothman et al., 2010) , which adds independent 1 penalties to B and Ω, so the objective function is
where ω kl are the elements of Ω, β j are the elements of vectorized B , and λ 1 , λ 2 > 0 are tuning parameters. A coordinate descent algorithm is developed that iteratively solves a lasso and a graphical lasso problem to updateB M RCE andΩ M RCE , respectively. Cai et al. (2012) developed the covariate-adjusted precision matrix estimation or CAPME procedure taking a two-stage approach and using a multivariate extension of the Dantzig selector of Candes and Tao (2007) .
. The estimate of B in CAPME solves the optimization problemB
where λ n is a tuning parameter, |A| 1 defines the elementwise 1 norm of matrix A, and |A| ∞ defines the elementwise ∞ norm of A. This is equivalent to a Dantzig selector applied on the coefficients in a column-wise way. After inserting the estimatorB CAP M E to obtain
estimates Ω by the solution to the optimization
where τ n is a tuning parameter. The final estimator of Ω needs to be symmetrized since no symmetry condition on Ω is imposed.
Critiques of the lasso shrinkage include that the lasso estimate is not tail robust (Carvalho et al., 2010) , and at least empirically, the Dantzig selector rarely outperforms the lasso in simulations and in cancer datasets (Meinshausen et al., 2007; Zheng and Liu, 2011) , indicating these problems might be inherited by MRCE and CAPME, respectively.
Bayesian approaches seek to implement regularization through the choice of prior, with the ultimate goal being probabilistic uncertainty quantification using the full posterior. Deshpande et al. (2017) put spike-and-slab lasso priors on the elements of B. That is, β kj , k = 1, . . . , p; j = 1, . . . , q is drawn a priori from either a 'spike' Laplace distribution with a sharp peak around zero, or a 'slab' Laplace distribution that is relatively flatter. A binary variable indicates whether a coefficient is drawn from the spike or the slab distribution. Such an element-wise prior on β kj is
where λ 1 and λ 0 are the parameters for the spike and slab Laplace distributions, and the binary indicator γ kj follows a priori a Bernoulli distribution with parameter θ, with a beta hyperprior distribution on θ with parameters a θ and b θ . Similarly, spike-and-slab lasso priors are put on elements ω lm in Ω as well. An Expectation/Conditional Maximization (ECM) algorithm is derived for this model to obtain the posterior mode. The hyperparameters (λ 1 , λ 0 , a θ , b θ ) for β kj , and the corresponding four hyper-parameters for ω lm , need to be specified in order to apply the ECM algorithm. In Deshpande et al. (2017) , the Laplace distribution hyper-parameters are chosen by the trajectories of individual param-eter estimates given a path of hyper-parameters, and the beta hyper-parameters are set at predefined levels. The method does not provide samples from the full posterior. Bhadra and Mallick (2013) also consider a spike-and-slab prior on B but place Bernoulli indicators in a different way. Their priors on B and Ω −1 are
where b, c, d are fixed, positive hyper-parameters and HIW denotes the hyper-inverse Wishart distribution (Dawid and Lauritzen, 1993) . The indicator p γ selects entire rows of coefficients, depending on whether p γ i = 0, i = 1, . . . , p. Similarly, the indicator G has length q(q − 1)/2, and selects the off-diagonal elements in the covariance matrix. Elements in γ and G are independently distributed Bernoulli random variables, with hyper-parameters ω γ and ω G , respectively. The model allows B and Ω to be analytically integrated out to achieve fast Markov chain Monte Carlo (MCMC) sampling, at the expense of a somewhat restrictive assumption that a variable is selected as relevant to all of the q responses or to none of them.
Thus, it appears only a few of Bayesian shrinkage rules have been applied to joint mean and inverse covariance estimation in SUR models, and there is no fully Bayesian method that efficiently solves this problem under the assumption of arbitrary sparsity structures in B and Ω while allowing for uncertainty quantification using the full posterior. To this effect, we propose to use the horseshoe prior that achieves efficient shrinkage in both sparse regression and inverse covariance estimation. We also develop an MCMC algorithm for sampling, without user-chosen tuning parameters.
Proposed Model and Estimation Algorithm
We define β to be the vectorized coefficient matrix, or β = vec(B ) = [B 11 , ..., B 1q , ..., B p1 , ..., B pq ] .
To achieve shrinkage of the regression coefficients, we put horseshoe prior on β. That is,
The normal scale mixture on β with half-Cauchy hyperpriors on λ j and τ is known as the horseshoe prior (Carvalho et al., 2010) , presumably due to the shape of the induced prior on the shrinkage factor. Similarly, to encourage sparsity in the off-diagonal elements
of Ω, we use the graphical horseshoe prior for Gaussian graphical models , defined as, ω kl:k>l ∼ N(0, ι 2 kl κ 2 ); k, l = 1, ..., q,
where Ω = {ω kl }, and the prior mass is truncated to the space of q × q positive definite matrices S + q . In this model, ι kl and κ induce shrinkage on the off-diagonal elements in Ω.
MCMC samplers have been proposed for regressions using the horseshoe prior for the linear regression model with i.i.d. error terms (Makalic and Schmidt, 2016; Bhattacharya et al., 2016) . However, these samplers cannot be applied to the current problem due to the correlation in the error covariance. To transform the data into a model where sampling is possible, we reshape the predictors and responses. Letỹ = vec(Ω 1/2 Y ), and X = X ⊗Ω 1/2 . Simple algebra shows thatỹ ∼ N nq (Xβ, I nq ). In this way, the matrix variate normal regression problem is transformed into a multivariate normal regression problem, provided the current estimate of Ω is known. Next, given the current estimate of B, the graphical horseshoe sampler of Li et al. (2019) is leveraged to estimate Ω, using the residual
A full Gibbs sampler for the above model is given in Algorithm 1. Throughout, the shape-rate parameterization is used for all gamma and inverse gamma random variables.
First, the coefficient matrix B is sampled conditional on the precision matrix Ω. We notice that the conditional posterior of β is N( To sample the precision matrix Ω conditional on B, take Y res = Y − XB and S = Y res Y res . Since Y − XB ∼ MN(0, I n , Ω −1 ), the problem of estimating Ω given B is exactly the zero-mean multivariate Gaussian inverse covariance estimation that the graphical horseshoe solves, with details given in Algorithm 1 of Li et al. (2019) . Therefore, steps (6a) to (8) in Algorithm 1 follows the sampling scheme of the graphical horseshoe model for sample size n, number of features q, and scatter matrix S. Steps (6a) to (6c) partitions the precision matrix and samples one column (or row) of it at a time, using a variable transformation technique first identified by Wang (2012) . Then the shrinkage parameters and auxiliary variables are sampled from inverse gamma distributions in steps (7) and (8).
Algorithm 1 The HS-GHS Sampler
function HS-GHS(X, Y, burnin, nmc) Set n, p and q using dim(X) = n × p and dim(Y ) = n × q Initialize β = 0 p×q and Ω = I q for i = 1 to burnin + nmc do Nevertheless, when n p, using the fast sampling method is considerably less computationally intensive than sampling from the multivariate normal distribution directly, which has complexity O(p 3 q 3 ). Since the complexity of the graphical horseshoe is O(q 3 ), each iteration in our Gibbs sampler takes O(n 2 pq 3 ) time.
Although the Gibbs sampler is computation-intensive, especially compared to penalized likelihood methods, it has several advantages. First, the Gibbs sampler is automatic, and does not require cross validation or empirical Bayes methods for choosing hyperparameters.
Penalized optimization methods for simultaneous estimation of mean and inverse covariance usually need two tuning parameters (Cai et al., 2012; Rothman et al., 2010; Yin and Li, 2011) . Second, MCMC approximation of the the posterior distribution enables variable selection using posterior credible intervals. It is also possible to vary the length of credible intervals to assess trade-offs between false positives and false negatives in variable selection.
Finally, to our knowledge this is the first fully Bayesian solution in an SUR framework with a complexity linear in p. Along with these computational advantages, we now proceed to demonstrate the proposed method possesses attractive theoretical properties as well.
Kullback-Leibler Risk Bounds
Since a Bayesian method is meant to approximate an entire distribution, we provide results on Kullback-Leibler divergence between the true density (assuming there exists one) and the Bayes marginal density. Adopt the slightly non-Bayesian view that n conditionally independent observations Y 1 , . . . , Y n are available from an underlying true parametric model with parameter θ 0 and let p n denote the true joint density, i.e., p n = n i=1 p(y i ; θ 0 ).
Similarly, let the marginal m n in a Bayesian model with prior ν(dθ) on the parameter be defined as m n = n i=1 q(y i |θ)ν(dθ), where q is the sampling density. If the prior on θ is such that the measure of any set according to the true density and the sampling density are not too different, then it is natural to expect p n and m n to merge in information as more samples are available. The following result by Barron (1988) formalizes this statement. Let D n (θ) = 1 n D(p n ||q n (·|θ)), where D(π 1 |π 2 ) = log(π 1 /π 2 )dπ 1 , denotes the Kullback-Leibler divergence (KLD) of density π 1 with respect to π 2 and q n (·|θ) = n i=1 q(y i |θ). The set A = {θ : D n (θ) < } can be thought of as a K-L information neighborhood of size , centered at θ 0 . Then we have an upper bound on the KLD of p n from m n , in terms of the prior measure of the set D n .
Lemma 4.1. (Barron, 1988) . Suppose the prior measure of the Kullback-Leibler information neighborhood is not exponentially small, i.e. for every , r > 0 there is an N such that for all n > N one has ν(A ) ≥ e −nr . Then:
The left hand side is the average Kullback-Leibler divergence between the true joint density of the samples Y 1 , ..., Y n and the marginal density. The right hand side involves logarithm of the prior measure of a Kullback-Leibler information neighborhood centered at θ 0 . A larger prior measure in this neighborhood of the "truth" gives a smaller upper bound for the average Kullback-Leibler divergence on the left, ensuring p n and m n are close in information. The following theorem shows that the HS-GHS prior, which has unbounded density at zero, achieves a smaller upper bound on the KLD when the true parameter is sparse (i.e., contains many zero elements), since it puts higher prior mass in an neighborhood of zero compared to any other prior with a bounded density at zero.
Theorem 4.2. Let θ 0 = (B 0 , Ω 0 ) and assume n conditionally independent observations
the true regression coefficients and inverse covariance, respectively and X i are observed covariates. Let β j0 , ω kl0 and σ kl0 denote the jth and klth element of vec(B 0 ), Ω 0 and
Suppose that an Euclidean cube in the neighborhood of Ω 0 with (ω kl0 − 2/M n 1/2 q, ω kl0 + 2/M n 1/2 q) on each dimension lies in the cone of positive definite matrices S + q , where M = k,l σ kl0 /q. Then, 1 n D(p n ||m n ) ≤ 1 n − 1 n log ν(A 1/n ) for all n, and:
(1) For prior measure ν with density that is continuous, bounded above, and strictly positive in a neighborhood of zero, one obtains,
where K 1 and K 2 are constants.
(2) For prior measure ν under the HS-GHS prior, 
Simulation Study
In this section, we compare the performance of the HS-GHS prior to other multivariate normal regression methods that estimate both the regression coefficients and the precision matrix. We consider two cases, both with p > n. The first case has p = 200 and q = 25, and the second case has p = 120 and q = 50, and n = 100 in both cases. We generate a sparse p × q coefficient matrix B for each simulation setting, where 5% of the elements in B are nonzero. The nonzero elements in B follow a uniform distribution in (−2, −0.5) (0.5, 2).
The precision matrix Ω is taken to be sparse with diagonal elements set to one and one of the following two patterns for off-diagonal elements:
1. AR1. The precision matrix has an AR1 structure, with nonzero elements equal to 0.45.
2. Cliques. The rows/columns are partitioned into disjoint groups and ω kl:k,l∈G, k =l are set to 0.75. When q = 25, we consider eight groups and three members within each group.
When q = 50, the precision matrix contains 16 groups and each group has three members.
We generate n×p design matrix X with a toeplitz covariance structure where Cov(X i , X j ) = 0.7 |i−j| , and n × q error matrix E ∼ MN(0, I n , Ω −1 ). The n × q response matrix is set to be Y = XB + E. For each simulation setting, 50 data sets are generated, and B and Ω are estimated by HS-GHS, MRCE (Rothman et al., 2010) , CAPME (Cai et al., 2012) , and the joint high-dimensional Bayesian variable and covariance selection (BM13) by Bhadra and Mallick (2013) . The proposed HS-GHS estimator is implemented in MATLAB. The MATLAB code by Bhadra and Mallick (2013) is used for BM13, and R packages 'MRCE'
and 'capme' are used for MRCE and CAPME estimates. Mean squared estimation errors of the regression coefficients and the precision matrix; prediction mean squared error; average Kullback-Leibler divergence; and sensitivity (TP/(TP+FN)), specificity (TN/(TN+FP)), and precision (TP/(TP+FP)) in variable selection are reported. Here, TP, FP, TN and FN denote true positives, false positives, true negatives and false negatives, respectively. Variable selection for HS-GHS is performed using the middle 75% posterior credible interval.
In BM13, variables with posterior probability of inclusion larger than 0.5 are considered to be selected. We also present receiver operating characteristic (ROC) curves for all methods to compare their overall variable selection performances as the decision threshold is varied.
Results are reported in Tables 1 and 2 , along with CPU times for all methods. It is evident that the HS-GHS has the best overall statistical performance. Except for the mean squared error of Ω when p = 200, the HS-GHS has the best estimation, prediction, information divergence and variable selection performances in our simulations. Although the HS-GHS does not have the highest sensitivity in recovering the support of B or Ω in some cases, it has very high levels of specificity and precision. In other words, while the HS-GHS may miss some true signals, it finds far fewer false positives, so that a larger proportion of true positives exists in HS-GHS findings. This property of higher precision in identifying signals is an attractive feature in applications.
In terms of the other methods, BM13 sometimes gives Ω estimate with the lowest mean squared error, but its estimate of B has higher errors, and its sensitivity for recovering the support of Ω is low. MRCE estimation of B is poor in higher dimensions, while CAPME has low mean squared errors in estimating both B and Ω. Both MRCE and CAPME are not stable in support recovery of Ω. They either tend to select every element as a positive, giving high sensitivity and low specificity, or select every element as a negative, giving zero sensitivity and high specificity. 
Yeast eQTL Data Analysis
We illustrate the HS-GHS method using the yeast eQTL data analyzed by Brem and Kruglyak (2005) . The data set contains genome-wide profiling of expression levels and genotypes for 112 yeast segregants from a cross between BY4716 and RM11-1a strains of Saccharomyces Cerevisiae. This data set has been previously analyzed using a variety of different computational methods (Yin and Li, 2011; Cai et al., 2012; Curtis et al., 2013) .
The original data set contains expression values of 6216 genes assayed on each array, and genotypes at 3244 marker positions. Due to the small sample size, we only consider 54 genes in the yeast mitogen-activated protein kinase (MAPK) signalling pathway in our analysis. This pathway was provided by the Kyoto Encyclopedia of Genes and Genomes database (Kanehisa et al., 2010) , and was also analyzed by Yin and Li (2011) and Cai et al. (2012) .
We divide the genome into 316 groups based on linkage disequilibrium between the markers, following the method described in Curtis et al. (2013) . We select the marker with the largest variation within each group. Then, we apply simple screening, and find 172 markers that are marginally associated with at least one of the 54 genes with a p-value less than or equal to 0.01. We use these 172 markers as predictors and run a lasso regression on each of the 54 genes. Residuals are used to assess the normality assumption. Based Out of 8428 coefficients, CAPME estimates 182 nonzero coefficients, MRCE estimates 11 nonzero coefficients, and HS-GHS estimates 15 nonzero coefficients. Prediction performance differs across these methods as well. For each gene expression, we use R-squared in the testing set, defined as (1−residual sum of squares/total sum of squares), to evaluate prediction. Many of the gene expressions cannot be predicted by any of the markers. Consequently, we only consider gene expressions that has R-squared larger than 0.1 in any of these three models. Among 22 such gene expressions, CAPME has the highest R-squared among the three methods in 4 gene expressions, and HS-GHS has the highest R-squared in 18 gene expressions. Average prediction R-squared values in these 22 genes by CAPME, MRCE and HS-GHS are 0.1327, 0.0063, 0.2771, respectively.
We also examine the 15 nonzero coefficients estimated by the HS-GHS. CAPME estimates eight of these 15 coefficients to be nonzero, and CAPME estimates have smaller absolute magnitudes than the HS-GHS estimates. In HS-GHS estimates, the genes SWI4 and SSK2 are associated with three markers each, and FUS1 is associated with two markers. The remaining gene expressions are associated with zero or one marker. One marker on chromosome 3, location 201166 is associated with four gene expressions (SWI4, SHO1, BCK1, SSK2), and it has the largest effect sizes among HS-GHS and CAPME estimated coefficients. This location is also identified as an eQTL hot spot by Zhu et al. (2008) . In addition, a marker on chromosome 5 and a marker on chromosome 14 in HS-GHS nonzero estimates also correspond to two other eQTL hot spots given by Zhu et al. (2008) .
Out of the 1176 possible pairs among 49 genes, CAPME, MRCE, and HS-GHS estimate 702, 6, and 88 pairs to have nonzero partial covariance, respectively. We only present the HS-GHS estimated graph in Figure 2 , while CAPME and MRCE results are in Supplementary Section S.4. Vertex colors in the graph indicate functions of genes. A current understanding of how yeast genes in the MAPK pathway respond to environmental stress and cellular signals, along with the functions of these genes, is available (Conklin et al., 2018) . Figure 2 recovers some known structures in the MAPK pathway. For instance, STE4, STE18, GPA1, STE20, CDC42, DIG1, BEM1, FUS1, STE2, STE3 and MSG5 are involved in the yeast mating process, and they are linked in the HS-GHS estimate. SLT2, SWI3, RHO1, RLM1 and MLP1 involved in the cell wall remodeling process, and YPD1, CTT1, GLO1 and SSK1 involved in the osmolyte synthesis process are also linked. It is also known that the high-osmolarity glycerol (HOG) and cell wall integrity (CWI) signalling pathways interact in yeast (Rodríguez-Peña et al., 2010) , and some genes in the HOG pathway are indeed connected to genes in the CWI pathway in the HS-GHS estimate.
Conclusions
The horseshoe estimator has been shown to possess many attractive theoretical properties in sparse high-dimensional regressions. In this paper, we propose the HS-GHS estimator that generates sparse estimates of regression coefficients and inverse covariance simultaneously in multivariate Gaussian regressions. We implement the estimator using a full Gibbs sampler. Simulations in high-dimensional problems confirm that the HS-GHS outperforms popular alternative methods in terms of estimation of both regression coefficients and inverse covariance, and in terms of prediction. The proposed method allows arbitrary sparsity patterns B and Ω (as opposed to, say, methods based on decomposable graphs) and the number of unknown parameters inferred is pq + q(q + 1)/2, which is indeed much larger than n in all our examples. HS-GHS also recovers the support of the regression coefficients and inverse covariance with higher precision. The proposed method is applied to yeast eQTL data for finding loci that explain genetic variation within the MAPK pathway, and identification of the gene network within this pathway.
The proposed method leverages and combines the beneficial properties of the horseshoe and graphical horseshoe priors, resulting in improved statistical performance. Computa-tionally, the proposed sampler is the first in an SUR setting with a complexity linear in p, although the complexity is cubic in q. A major advantage of the proposed method is samples are available from the full posterior distribution, thereby allowing straightforward uncertainty quantification. If draws from the full posterior are not desired, it is possible faster algorithms can be developed to obtain point estimates. Prominent among these possibilities is an iterated conditional modes (ICM) algorithm (Besag, 1986 ) that can be used to obtain the maximum pseudo posterior estimate. At each iteration, ICM maximizes the full conditional posteriors of all variables and converges to a deterministic solution. Since the full conditionals in the HS-GHS model are either normal, gamma or inverse gamma, the conditional modes are unique, and ICM should be easy to implement. This article focused on the horseshoe prior, which is a member of a broader class of global-local priors, sharing a sharp peak at zero and heavy tails. Performance of other priors belonging to this family, such as the horseshoe+ (Bhadra et al., 2017) , should also be explored.
Supplementary Material
The Supplementary Material contains MCMC convergence diagnostics and additional simulation results, referenced in Section 5 and additional results on eQTL data analysis, referenced in Section 6.
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A Proof of Theorem 4.2
Let A = {{B, Ω} : 1 n D n (p B 0 ,Ω 0 ||p B,Ω ) ≤ }. We claim that A ⊂ R p×q × R q×q is bounded by an Euclidean cube of pq + q 2 dimensions with (β j0 − k 1 1/4 /pq 1/2 , β j0 + k 1 1/4 /pq 1/2 ), and
(ω kl0 − k 2 1/2 /q, ω kl0 + k 2 1/2 /q) on each dimension. The proof is as following.
Let B = B 0 + ( 1/4 /pq 1/2 )1 p×q , Ω = Ω 0 + ( 1/2 /q)1 q×q , where 1 m×n denotes a m × n matrix with all elements equal to 1. Then,
:=I + II.
By the proof of Theorem 3.2 in Li et al. (2019) , I ∝ n when → 0. We will show that II ∝ n as well. The expression for II is simplified as,
and vec(X1 p×q ) (1 q×q ⊗ I n )vec(X1 p×q ) = q 2 i (X i1 + . . . + X ip ) 2 . Therefore,
= 1 2 (c 1 n 1/2 + c 2 n ).
Combining I and II, 1 n D n (p B 0 ,Ω 0 ||p B,Ω ) ∝ when → 0. We have proved that A is bounded by cubes of pq + q 2 dimensions described above. Now that we find cubes that bound A , we will bound ν(A ) by the product of prior measures on each dimension of these cubes.
For any prior measure with density p(β j ) that is continuous, bounded above, and strictly positive on a neighborhood of the true β j0 , one has β j0 + 1/4 /(pq 1/2 ) β j0 − 1/4 /(pq 1/2 ) p(β j )dβ j ∝ 1/4 /(pq 1/2 ), since the density is bounded above. Similarly, ω kl0 + 1/2 /q ω kl0 − 1/2 /q p(ω kl )dω kl ∝ 1/2 /q, for any prior density p(ω kl ) satisfying the conditions. Taking = 1/n, this gives logν(A 1/n ) in Part (1) of Theorem 4.2. The horseshoe prior also satisfies conditions in (1) in dimensions where β j0 = 0 and ω kl0 = 0, so the same measures hold for HS-GHS in nonzero dimensions. Now we need prior measure of horseshoe prior on dimensions where β j0 = 0 and ω kl0 = 0.
Using bounds of horseshoe prior provided in Carvalho et al. (2010) , it has been established by Li et al. (2019) that 1/2 /q 0 p(ω kl )dω kl > c 3 log( −1/2 q)/( −1/2 q). Similar calculations show that 1/4 pq 1/2 0 p(β j )dβ j > c 4 log( −1/4 pq 1/2 )/( −1/4 pq 1/2 ). Taking = 1/n, this gives Part (2) of the theorem and completes the proof. Table 1 : Mean squared error (sd) in estimation and prediction, average Kullback-Leibler divergence, and sensitivity, specificity and precision of variable selection performance, over 50 simulated data sets, p = 200 and q = 25. The regression coefficients and precision matrix are estimated by HS-GHS, joint high-dimensional Bayesian variable and covariance selection (BM13), MRCE and CAPME. The best performer in each column is shown in bold. Table 2 : Mean squared error (sd) in estimation and prediction, average Kullback-Leibler divergence, and sensitivity, specificity and precision of variable selection performance, over 50 simulated data sets, p = 120 and q = 50. The regression coefficients and precision matrix are estimated by HS-GHS, joint high-dimensional Bayesian variable and covariance selection (BM13), MRCE and CAPME. The best performer in each column is shown in bold. 
S.1 MCMC Convergence Diagnostics

S.2 Additional Simulation Results
We provide additional simulation results, complementing those in Section 5. Tables S.1 and S.2 provide results when p = 100, q = 25. Tables S.3 and S.4 supplement Tables 1 and 2 with more simulation settings. In the star structured inverse covariance matrix, ω 1k = 0.25, k = 2, ..., q, all diagonal elements equal to 1, and the rest of the elements all equal to 0. In the case of large coefficients, all nonzero coefficients are equal to 5. Other structures of the inverse covariance matrix and uniformly distributed coefficients are described in Section 5. One-fifth of the coefficients are nonzero when p = 100 and q = 25, and 1/20 of the coefficients are nonzero in the other dimensions.
S.1 Table S .1: Mean squared error (sd) in estimation and prediction, average Kullback-Leibler divergence, and sensitivity, specificity and precision of variable selection performance, over 50 simulated data sets. The regression coefficients and precision matrix are estimated by HS-GHS, joint high-dimensional Bayesian variable and covariance selection (BM13), MRCE and CAPME. The best performer in each column is shown in bold. S.4 Table S .4: Mean squared error (sd) in estimation and prediction, average Kullback-Leibler divergence, and sensitivity, specificity and precision of variable selection performance, over 50 simulated data sets, p = 120 and q = 50. The regression coefficients and precision matrix are estimated by HS-GHS, joint high-dimensional Bayesian variable and covariance selection (BM13), MRCE and CAPME. The best performer in each column is shown in bold. S.5
S.3 Assessment of normality assumption for eQTL analysis Figure S .2 shows normal qq-plots of residual gene expression in 54 MAPK pathway genes. The expressions were regressed on the 172 markers using lasso regression, and residuals were calculated. Residuals of PKC1, MFA1, SWI6, MFA2 and SSK2 failed univariate Kolmogorov-Smirnov normality test at significance level 0.05, and these genes were removed from the data set for analysis. Yeast segregants shown in red and orange squares were removed from the data set for analysis.
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